HOMEWORK 10 - ANSWERS TO (MOST) PROBLEMS

PEYAM RYAN TABRIZIAN

SECTION 4.5: SUMMARY OF CURVE SKETCHING

4.5.11.
D :R-—{+3}
I : No x—intercepts, y—intercept: y = —%
S : fiseven
A : Horizontal Asymptote y = 0 (at +00), Vertical Asymptotes © = £3
I: f'(z) = —(1:22%9)2; f is increasing on (—oo0, —3) U (—3,0) and decreasing

on (0,3) U (300). Local maximum of = at 0.

C: f'(x) = 6@122%93)3; f is concave up on (—o0,—3) U (3,00) and concave
down on (-3, 3); No inflection points
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4.5.31.
Note: First of all, f is periodic of period 27, so we’re only focusing on [0, 27].
D:R
I : z—intercepts: x = 0, = 27 (basically you should get sin(z) = 3, which
is impossible), y—intercept: y =0
S : Again, f is periodic of period 27. Also, f is odd.
A : No asymptotes
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I: f/(z) = 3cos(z) — 3cos(z)sin(zx) = 3cos(x)(1 — sin’(z)) = 3cos’(z);
Increasing on (0, 3) U (2F, 27); Decreasing on (%, 2F). Local maximum of

2at x= g Local minimum of —1 at z = 37”

C : f"(z) = —9sin(z) cos?(z); Concave down on (0,7) and Concave up on
(m,27). Inflection point (7, 0)
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4.5.41.
D:R
I : No z—intercepts, y—intercept: y = %
S : No symmetries
A : Horizontal Asymptotes: y = 0 (at —c0), y = 1 (at o)
I: f(z) = (157;)2 > 0, so f is decreasing on R
C: f'(z) = % (multiply numerator and denominator by (e*)® after

simplifying), so f is concave down on (—o0,0) and concave up on (0, c0).
Inflection point at (0, %)
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4.5.47.

Note: : First of all,
that z € [0, 27]
D : We want sin(z) > 0, so the ’ domain is (0, ) ‘

f is periodic of period 27

, so from now on we may assume

I: ’NO y—intercepts |, x—intercepts: Want In(sin(z)) = 0, so sin(z) = 1, so

_
=3

S : Again, f is periodic of period 2

A : No horizontal /slant asymptotes, but lim,_,+ In(sin(z)) = In(0") = —oo,
S0 is a vertical asymptote. Also lim,_ .- In(sin(z)) = —oo, so
is also a vertical asymptote.

I: f/(z) = <=0 — cot(z), then f/(z) = 0 < = = T, and using a sign

sin(z) 2

table, we can see that ’ [ is increasing on (0, 5 ) and decreasing on (5, 7) ‘

Moreover,

f(%) =1In(1) = 0|is a local maximum of f.

C: f'(x) = —csc?(z) <0, so ’ f is concave down on (0, 7) ‘
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SECTION 4.7: OPTIMIZATION PROBLEMS

4.7.3.

- Want to minimize x + y

- But xy = 100, so y = %, sox+y:x+%

Let f(z) = o + 120

- & > 0 (z is positive)

(@) =051- =0522=100=z=10

By FDTAEV, x = 100 is the absolute minimum of f

- Answer: |z =100, y = % =1

4.7.11. The picture is as follows:
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- Want to minimize 3w + 4l

- But 2lw = 1.5, solzo‘wj,so 3w+4l:3w+%

- Let f(w) =3w+ 2

-w>0

- fla)=0e3-3=0cw=1cw=1

- By FDTAEV, w =1 is the absolute minimum of f
- Answer: ’w =1,2l= 1.5‘

- We have D = /(z — 1)2 + y2, s0 D? = (z — 1)? + o2

- But 42 =4 —42?% 50 D? = (v — 1)? + 4 — 422

- Let f(x) = (x — 1)? + 4 — 42

- No constraints

- fl@)=2@x—-1)-8r=—6z—-2=0&x=—1%
- By the FDTAEV, z = —% is the maximizer of f.

- Sincey2:4—4m2,Wegety2:4—%=%2,soyzi,/%:i%
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Answer: (—%,—%) and (—%,%)

Picture:
1A /Homeworks/hw10optl.png

\x2+y2_r

4.7.30.

|

We have A = xy, but the trick here again is to maximize A% = 2%y? (thanks
for Huiling Pan for this suggestion!)

But 22 + 3% =r? so y? =% — 2%, s0 A? = 2?(r? — 2%) = 2%r? — 2?
Let f(x) = 22r? — o4
Constraint 0 < z < r (look at the picture)
f’(x)z?xr2—4x3:0<:)x:00rx:%
By the closed interval method, x = % is a maximizer of f (basically
£(0) = £(r) =0
= T =22
Answer: T= 5y =T T =75

Let w be the width of the rectangle, and h the height of the rectangle.
We have A = wh + 7T(%)2 = wh + %wQ, but w + 2h + 275 = 30, so
2h+ 71w+ w =30,s0 h = W. Hence AZW(W)‘F%U]Q
Let f(w) = w(W) + Zw?

Constraint: w > 0

fl(w)=15— (ﬂQﬁw =0 w= ﬂ3—_82 (there’s a big cancellation going on!)
By FDTAEV, w = % is the maximizer of f
30 — 15

Answer: |w =

T+20"" T w42
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4.7.53. (a) d(z) = W When c is at its minimum, ¢/(z) = 0, so C'(z)z —

C(z) =0,s0 C'(x) = % = c¢(z), so | C'(x) = ¢(x) |, i.e. marginal cost equals the

average cost!

4.7.63. (thank you Brianna Grado-White for the solution to this problem!)
The picture is as follows:
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di

Here, hy and ho and L are fixed, but z varies.
Now the total time taken is ¢t = t1 + to = % + %

Now, by the Pythagorean theorem: d; = /22 + h? and dy = /(L — x)2 + h3,

so we get:

t(ﬂ;‘) — \/332 + h% + \/(L — I)Q + h%

U1 V2

And

T x— L

x z—L
vivT2+h? v/ (L—x)2+h: vidi vadp

Setting ¢'(x) = 0 and cross-multiplying, we get:

t'(x)

’Uldl (L — L) = UQdQ(ﬂ
So, by definition of sin(6;) and sin(6;)), we get:

v dox N sin(6)

vg  (L—x)d; Ld_;” sin(6s)
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SECTION 4.9: ANTIDERIVATIVES

o

7
4.9.7. F(z) =5% — 7% + C =4af — 427 +C
4

Mm

4.9.24. f'(z) =2z + j2* + 227+ A, s0 f(z) = 2? + 5a° + 2® + Az + B

4.9.33. f(z) = —2sin(¢) +tan( )+ C,but 4= f(3)=—-V3+V3+C =0, s0
f(x) = —2sin(t) + tan(t) +

4.9.33. If f(0) = sin(d) + cos(8), then f/(0) = — cos(6) + sin(f) + C.
f'(0)=4,80-14+0+C =4,s0C=5.

Hence f/(0) = —cos(f) + sin(&) +5.

Hence f(0) = —sin(#) — cos(#) + 50 + C".
f(0)=3,50-0—-14+0+C"=3,s0 C' =4.

Hence ’ f(6) = —sin(0) — cos(0) + 560 + 4‘

4.9.61. a(t) = 10sin(t) + 3cos(t), so v(t) = —10cos(t) + 3sin(t) + A, so s(t) =
—10sin(t) — 3 cos(t) + At + B

Now, s(0) =0, but s(0) = —10(0) — 3(1) + A(0) + B, so -3+ B=0,s0 B=3
So s(t) = —10sin(t) — 3cos(t) + At + 3

Moreover, s(2m) = 12, but s(27) = —10(0) — 3(1) + A(27) + 3 = A(27), so
A2m)=12,s0 A=2 =2

s

So altogether, you get: | s(t) = —10sin(¢) — 3cos(t) + St +3

4.9.74. First of all, the acceleration of the car is a(t) = —16, so v(t) = —16t + C.
We want to find v(0) = C, so once we find C, we’re done!

Let t* be the time when the car comes to a stop.
Then v(t*) =0, so —16t* + C = 0, so C' = 16t*. So once we find t*, we’re done!

Now we know that s(t*) — s(0) = 200, but s(t) = —8t2 + Ct + C’, so 200 =
—8(t*)2 +Ct* + C'+0— C(0) — C" = =8(t*)% + 16t*t* = 8(t*)?, so 8(t*)? = 200,
o (t*)? = 25 so t* = 5 (assuming time is positive)

Whence ’ v(0) = C = 16t* = 80‘




